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CHAP. I. 

INTRODUCTION. 

I. 

DEFINITIONS. 

1 . P LANB Trigonometry is that branch of Mathematics, 
by which we investigate the relation which obtains between 
the sides and angles of plane triangles. 

2. In order to make this investigation, it is necessary to 
obtain a proper representation for the measure of an angle. 

Describe the circle AD BE, and draw two diameters 
AB, D E, at right angles to . 
each other, which will divide the 
circumference into four equal 
parts, AD, DB, BE, EA, each ^ 
of which is called a quadrant. 

Draw any line CFfrom the centre 
to the circumference; then (Euc.6. 

33.) the angles ACF,ACD, are to 
each other as the ares AF, AD; so that if the magnitude 
of the angle ACF he represented by the arc AF, the 

B magnitude 


I) . 
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DEFINITIONS- 


m&gnitude of the angle A CD will be represented by the 

ZXcAD; and so of any other angles; i-e. the magnitude 

^ an angle measured by ifieaic uhtek subtends tt in 

a circle desci tbtd u tth a given radius^ 

% 

3* For the purpose of exhibiting arithmetically the 
magnitude of angles, the whole circumference of the circle 
iH supposed to be divided into 360 equal parts, called 
degrees; each degree into 60 equal parts, called minutes; 
each minute into 60 equal parts, called &c. &c. 

And since arcs arc the measures of angles, every angle may 
be said to be an angle of such number of degrees, minutes, 
and seconds, as the arc subtending it contains. Thus, if 
the circ^F contains 38 degrees 14 minutes 25 seconds, the 
angle ACF (adopting the common notation of ", &c 
for degrte^j minutes, seconds, &c.) is said to be an angle 
of 38'^ 14' 25". The quadrants AD, DB, BE, EA 
cAideiitlj contain 90®each- 

J. The difference between an> angle ACF and a right 
angle or 90% is calkd the complement of that angle. Thus, 
if /C F 13 an angle of 37° 5' 2", its complement FCD viill 
be an angle of 5 54 58 . 

a. The supplement of ^ui angle is thef difference between 
It and 180®. Thus, if the angle is 40® 25' 35", its 
M/fjplnnent FCB will be 1 .j9®34' 25".* 

6 Tlie 


^ Since the three angles of every triangle are equal to iuo 
right anglts, or to 180% it is evident that in a right^ngled tri- 
angle the two acute angles must be together equal to one right 
angle, or g0“, the acute angles mui»t therefore be the complements 

the 
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6. The strught line AF, drawn from one extremity of 
the arc to the other, is called 
the chord of the arc AF. 

7. FG^ a line drawn from 
one extremity of the aic^F^ 
perpendicular upon (he dia- 
meter (ABJ passing through 
the other extremity^ is called 
the sine of the angle ACF. 

8. A Gy 



the one of the other; and in an oblique-angled tnangle, the 
third angle must be die supplement of the sum of the othei two 
angles. 

In the French division of the circle, the w^holc ciicumference is 
supposed to be divided into 400 equal parts, called degrees , each 
degiecmlo minutes; each minute into \W seconds , 6 ll hi 
!,o that, according to this scale, 4/ degrees 15 minutes 17 seconds 
maybe expressed by 47 ^ 15' i7'\ or by 47* .1517, where the 
decimal .1517 is the fractional part of a degree coricsponding 
10 the 15 minutes and 17 seconds. 

The degrees, minutes, &.c of the Fiencb scale are converted 
4ito degrees, minutes, &c of the Lnglisb scale by a ver> simple 
Arithmetical process. For since the quadrant, according to the 
former scale, consists of 100**, and, according to the latter, q( g0\ 
the number of degrees in any given arc or angle, according to 
the English scale, must be Veths of that number on the French 
scale. From the degrees therefore of the French scale, we 
must subtract and it will give the number of degrees upon 
the English scale; then mnltiplying the decimal part of the 
resnltiDg quantity by 60, it will give the number of minutes; 

and 
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definitions. 


6. G, that part of the diameter which is intercepted 
between the extremity of the arc F, and the sine FG, is 
called the versed sine of the angle j4 CF. 

9. If a line be drawn touching the circle in ji, and the 
radius CF be produced to meet it in K, then AKw called 
the tangent y and CKthn secatU of the angle ^CF. 

10. If 


and the decimal part of the minutes by 60> it will give the 
number of seconds; &c.&c. as in the following examples. 


Subtract ? 76 * f r. sc. 
,Vh > 7.6 

24*. 15 French 

2 4l5=J-„th 

47 *. 15 17 French 
4.7i517=xV‘fa 

68 . 4 

60 

21 735 

60 

42 . 43653 

60 

24 sO 

. 76 * French = 

6b* 24 English 

44 . 100 

60 

26 . igi 8 o 

60 

6 000 

•. 24* 15'FrericAz= 
2\* 44' b" English 

1 1 . 50800 

/. 47* 15'17"/> 

= 42* 20' Eng 


Since go* English mike 100“ French , to convert English 
degrees, minutes, kc. into French ones of the same value, 
we must reduce die former into degrees and decimals of a 
degree, and then add Jth. For example, let it be required to 
reduce 23*27* 5&” English, to French ones of the same value. 

17’ — W of a degree = .4500^ 

5S'' = Tl5a . . . = 0161 5 

Hence 23* If 58" = 23.4661. 

Add Jtb = 2 . 6074 . 


Then 26.0735, or 26* 7* 35", are the 
[number of French, 
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10. If a line be drawn touching the drcle in Dy and CF 
be produced to meet it in X., and FH be let fall perpendi- 
cular upon the diameter fDEjy then FHy DHy DL, and 
CL become respectively the sine, versed sine, tangent, and 
secant of the angle FCDy which is the complement of the 
angle ACFy and are therefore caUed the cosinCy co-vtrsed 
sme, cotangenty and cosecant of the angle A CF. 

1 1 . Since CG is equal to FH, it is equal to the cosine of 
the arc AF; hence the cosine of any arc is that part of the 
radius of the circle which is intercepted between the centre 
of the circle aftd the extremity of the sine of that arc. 

II. 

On the general relation which the sine, cosine, versed 
sine, tangent, secant, cotangent, and cosecant, of 
any arc or angle bear to each other, and to the 
tadins of the circle. 

In this investigation, the following abbreviations are 
used; viz. 

sin. for sine. H sec. for secant. 

C05. ... cosine. U cotan. ... cotangent. 

V. sin. ... versed sine, a cosec. ... cosecant. 

tan. ... tangent. | diam. ... diameter. 

In the right-angled triangle CFG, we have (Euc. 47. 1.) 

12. FG = 

i.e. sine = ..f rad.'— cosrn.* 

And, vice versa. 


18 . 


CG= s/ Ct^-^FG% 
i.e. cosine = ,,f rad.*— sm.* 


M. AG 



6 RELATION OF THB 51NB, &C. TO THE RAIIIUS. 

14* jiG ^ jiC CG^ 
i. e. versed sine :=: rad, — cos* 


15 . JBy similar triangles ACK^ GCFy 

AK : AC :: FG : CG, 
e. tangent : radius :: sine : cosine^ or tan* = 


rad. X bill. 
cos* 


1. 


16. By similar triangles ACKy DCL, 
AK : AC :: CD : DL, 
e. tangent : radius :: radius : cotan. =: ' 


rad."* 

tan. 

0 


17. By similar tnanglea A CK, GCFy 


CK : CA :: CF : CG, 


1 . e. secant ; radius ;; radius : cosine^ 


or sec. = 


rad.’ 

cos. 


18. In the right-angled triangle CAK, we ha\e 
CK = ^~CA' + ^frl 
i. e. secant = ^ rad.’ + tan.’ 

And^ v^ce versa, 

^ CJC—AC, 

i.e. tangent = ^ sec.*— rad.* 


19. By similar triangles DCLtGCF, 
CL : CD r.l CF ; FG, 

1 . c. cosecant : radius :: radius : sine^ ot cosec. 


rad,* 

sin. 
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III. 

A few Properties of Arcs and Angles demonstrated 
geometrically. 

Property 1. 

20. The chord of any arc is a mean pri^wtional he- 
tweeti the versed sine of that arc and the diameter of the 
circle. 

AF n the chord, and 
AH is the versed sine of 
the arc AI^; joh» FS, 
then the angle A F3 in a 
semicircle is a right angle; 

since FH is perpendi- 
cular to AB, we have, B 
(Eucl. 6. 8.) 

AH : AF AF AB, 

I. e. V. sin. : chord chord diam. 

Prop. 2. 

21. The chord of an ate is doulle the sine of half that arc. 

Draw CG at right angles toAF, and produce it to D; 
then (Eucl. 3.3.) CG bisects the chord AF} and (Eucl. 3. 
30.) it also bisects the arc AF. Hence, 

Chord AF=2FG, and arc AF=2FD, or FD=iAF. 
Now PG=8ine of arc FDassine of ^ arc AF; 

.* . Chord A P ( = 2FG) =s twice sine of ^ arc A F. 

And, vice versa; 

Since FG = 4 chord of arc AF (= ^ chord 2FX)), 
wt have sine of an arc = ^ choid of double the arc. 

Prop, 


F 
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PROPERTIBS OF ARCS AND ANGLES. 


\ Prop* 3* 

22. jis radius : cosine of any arc :: twice the sine of that 
arc : the sine of doulle the arc. 

For CG = cosine of arc FD, 

AF (=s 2FG) = twice the sine of btcFD, 

FH{= sine of AF) = sine of double the arc FD. 

Now the right-angled triangles ACG, AFH, have 
a common angle at A^ they are consequently similar; 
hence AC : CG :: AF : FH, 

i. e. radius : cos, of arc FD :: twice the sine of arc FD : 
sine of double the arc. 


Prop. 4. 

23. Half the cko^d f the supplement cf any arc is equal 
to the cosine of half that arc. 

Draw CM at right angles to BF ; then since CG is 
parallel to BF, and CM parallel to AF, the figure FGCM 
is a parallelogram ; MF^CG; but MF= {^FB=) 

chojd of the supplemental arc FB, and CG= cosine of 
FD, wliieh is -J- the sltcAF; 

Henee, Half the chord of the supplement qf the arc AF is 
equal to the cosine of half the arc A F. 

Prop. 5. 

24. Tangent + secant of any arc is equal to the cotan- 
gent of half the complement of that arc. (Fig. in p.9.) 

Let AD he the quadrant of a circle^ A F any arc^ 
whose tangent is AK, secant CK, and complement the 
arc FD. 


Bisect 
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PKOnOM'IBS 0» arcs ANZ> ANGlBS. 

V W 

Bisect J?D ia H, join Cff, and prodace Cff and 
to meet in X,; then is the /angeafof the arc^H, 
and consequently the c&tangera of the 
arc HDf which is half^ the con^tle- yiL 

merit of the arc AF. / 

Nbwj sinee is ^rallel 
the angle DCtfis equal to the angle X 

CLKi but DCH is equal to HCK, / V ^ 

ChK is equal tp HCK, and con- X ^,>^•''''"”^'1 

se(juently KLsi CK. A 

How AK^KL=AL} 

AK+*CK=AL, i.e. 

tang, + secant = colang. of half complemcr t of arc A F. 

Prop. 6. 

25. The chord q/’60® is equal to the ladius of the circle. 

hetAF be an arc of 60", then angle ACF of the tiiangle 
ACr IS 60" j and since the 
three angles of the triangle 
are equal to 1 80", the tvyo 
remaining angles ^CAF^ 

CFA, must be equal to 
120"; but CA = CF, 

L. CAT = CFA, and each of 
them are 60"; hence the tri- 
angle CA F IS equiangular, 
and conse(|uently equilate~ 
lal; wherefore chord AF{^AC o* CF) = rad. 



C 


Prop. 
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x>&arBRTiS8 or arcs ani> ancles. 


Peop. 7. 

26. The sine ^80“ « equal 16 half the radius. 

By Prop. 2. the sine of an anj is half the chord of double 
the arc j if tit^reS^re TD will be 30“ « and its sine 

(by Prop^.)|^iiie fadhts. ^ 

. » > ' 0^/ <■ *. '* ‘ * 

^ 8 ^^* . *4 * *“ i » 

27. The varied 60“ are earn equal to 

half the radius. « , 

For since the triable is equilateral, the sine FH 

bisects the base (or .radius) A (f. ^ Hence, 

A H=i versed s^,of 6i(¥=^f the radius. 1 1 

CHsa cosine of half the radius.^ 


. r Pdor. 9. • > 

28. The tangent of 4a“ is eqtial to the radius. 

Let arc AF^^Ah”, then ^e angle 
A CK = 45“ j and since z. CAK' * 

= 90“, the remaining angle AKC 
must be 45“ ; hence Z_ ACK^ 

= L.AKC, the tangent AK 
s=AC = radius. 



, Prop. 10. 

29. The secant of 60" is equal to^ the diameter of the circle^. 

Let arc JP=60% draw tbeJun-^ 

(rent u4Ky and secant CK, thofi^ bjr 
Prop. 8. CG^GA; andaiiiqcJPG 
is parallel to AKy^ 7;^ , 

cr: FK ii CGz GA. 

V 

But CG~GA, CF^FKs*! , 
hence CiiC=2C’f’=2 rad.ssdiam. 




SINE) COSINE* &C. BXHlEltEaO AEITHUBTICAL1.E. 1 1 


IV. 


The sme^ cbsine^ a^ent» ^ 

an<£]5o% e^i^ed^’^t^^oheticath. 


‘tc 


VA* K , ,, y 




Let AD be a quadtant i 


\en%^AFlAI^O, 


arcs of 45*", and^ 6^, ri^iei^ely. In traci% the 
value of the'sine^ tan|^tj^''iatid( Yrom A to X>j it is 

evident Af ai^ ssO, tbo 5ziae and 

are eaellHP^^ "5ec<^\s equal to radius. 

In procmBugifrom A to D, th^e Ikies keep continually 
increil^lig^ add in such maimer, th^iat D tlie sine of AD 
or 90® becomes ctjuah to the tadiu^ 

CD; the tangent and secant of A,D 
(being formed by the |0t«nectjoil of 
two lines, one drawn touching the 
circle in A, the other at right angles 
to A C m the point C, and coiu»c- 
({uently parallel) become both in- 
definitely great. At A the cosine^ 

OM^radius; and a** the arc iti- 
cteases the cosine decreases^ so that 
when the arc becomes 90% the cosine is equal to 0, Oui 
object at present is, to find arithmetically the value of tlic 
sine^ cosin'C, tangeOl, and seeant, at the inierthedtale points 
0, on supposition that the r^ius is equal to unity. 



P N G A 


30, Value 



1 2 8«S, COSlKK/fcC. AWTHMBTICAUY . 

30 . Value of Sines FG, HN, OP. 
PG= 9 in.of 30 ‘>= (byArt. 25 .)^.ss (if rad . = 1 ) 4 « . 5000000 . 

! Since Z.HCJV* 4 S'',C'HJVdlsoaf 46 % CN^^HNs 

hence, (rfr’=s 2HN’,ii)r 

^«. 7071068 ,* 

OP=fe«in. 60 “=x/ (^b?- Cl>*=s (for CP=i, by Art. 27 ) 

\AT=vT=#^?^'-' 

31 . Fake of Cosim CG, CJf, £P. 

CG = cosine of 30 * ‘s* une of 60 “ = — — = .86 254 . 

CJV =s cosine of 45 * = HN ss— ^«==:. 707 l 0 ti 8 . 

CP = cosine of 60 ® =: sine of 30 ® 2 = “ = . 5000000 , 


32 . Palue of Tangents AK^AL^ AM. 

rad. X sin. 

-=s;(u raa*=s,l} 


sin. 


By Art. 15 . tan— cos. 

sin.bu 12 1 

Hence^Ji:x=tan. 30 *=j 3;^*=2 x ;j 5 = = ;^ =. 57 / 3 o 03 . 

^L==tan.45*=^;«.^*(»«^*CJir)1.0000000. 

./ 4 M=tan. 60 **~^^^s* X“»*y 3 = 1 . 7320508 . 

33 . Value 


"f^T 


i 'V 


• For ^y 7 .sl. 4 l 42136 . ' f ?or n /3 5 = 1 . 7320508 . 


SIMB, COUKByf^::. ARIiOlMVTlCAlfLY. 19 

33. VtJue of Secqnts CK, CL, CMf 

^ By Art, 17. sec. s= (if rad.ss I)-4— . 

^ '(josine 

Hence CKss^.S(y* 8 ** 1.1547005. 


.... 

^ ' • i; 


Cl 


ssec.GO'^ 


iCPS: 


X ,1 .4 142186. 

® = 2 =2.0000000. 

..f * . 


v: 

34. On Jhding the sines cf various arcs, by means 
cj^lie expression for finding &se sine of half an ate. 

By Art. 20, we have 

‘Ver. ^ne of an arc ; cl^ord :: chord : diameter. 

'But the chord of any arc is equal to twice the sme of ^ 
that arc, and the diameter is equal to twice the radnu. 
Hence, by substitution. 


Ver.fiin. of an arc : 2x sin.of J,arc 2 x sin. of | arc : 2 x radius. 

. 4 X wu. i>f4 arc|’=2xver. ^ 

— V. sin. X rad. 

or sin. of ^ iu:c| ^ — 2 

and. sin. of i arc « 

'it \ ^ 


If therefore the radiosss theVtne of^ an arc ib 040 . 1 ) to 
the square root (f vented sine if that arc; and since 
the versed sine of an are is equal to rad,~cos. (Art.l4.), v^e 


have sine if | arennif 


1 — cos. 


Now 
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Now 

«J.30"= .8660254, .-.sm. 1 5“= _ ,. 2599190 , 

aiidcoj.lSo* =^.9659258. 

Heiicc, sine 7'’*30' *= 1305 262. 

▼ ^ 2 

cosiile 7®3l0^«= &C 4 

sine 3® 45's* &c, ^ 


And thus, by haloing each preceding angle, we might find 

the value of the sines and cosines of a senes of angles con- 

tiiinally deciensing without limit. From the cosine of 45® 

uc might also find the s^e and cosine of another series of 

angles, 2 2® 30; 11® 15'; &c. &c. decreasing m the same 

maniKi II uing the sine and cosine of an angle, its tan^ 

gnii, sLcanty &,c. ma} be found fioin the expressions mi 

L ^ rj , rad. sin. rad.^ , lad/ 

P'cet li., Ai/ tan.=: — ; sec. = — ; cot an. = — ; 

tos. cos. tan. 

, I ad 

and coscc.= - 
sin 


In thi^ ni inner, from the sine and cosine of 45® and 30®, 
A\t rniglit find the sine, cosine, tangent, secant, &c. of a 
A list \ ai K ty of angles less than 22^30. But the method 
of constiLicting aritlimetically a complete table of sines, 
cosines, tangents, Ac. for every degree and minute of the 
quadrant, will fin in the subject of the Third Chapter, 
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^ VL 

On the relation of the sinCy tangent, secant, &c. 
of the same angle in different circles. 

35. h^tAFBEy 
afbe, be two cir- 
cles whose radii 
2 lt^AC, aC; let an 
angle be formed at 
C, subtending the 
urcbAF, af; draw 
the sines FO^, Jg; 
the tangents AK, 
ak; the recants 
CK,Ck; 

/ 

Non it 1 evident that 

the A K I I nght A'" •: AT* circumtcienee yf Tlf 
andz.«( / 4 light A af i circunifereiu c 

/’ 1 

Ilentc AyC’/’=4 rights’ X 
=4 nghti'x 

Hut /.ylCFis tho same with aCf, ~ - Jr , 

ufie 

• * 

consequently AF i of :: AFBE : of be, 

:: AC : aC, since cu - 

annfi rente of circles are to each other as theii radii. 

Hence it appears, that the nueasures of the same angle 
Ml different circles are to each other as the radii of those 

circles; 
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circles ; and so it i's with respect to thie iinesy tangents^ 
secant^j &c, of that angle ; for by similar FCG^ yCg; 
ACKf aCk; wc have 

FG : fg :: CF : Cf^ ue. FGyCG, AK, &c, ||re to 
CG i Cg :: CF : Cf\fg^ Cgj oi, &c. in the ratio of 
AK : ak i: CA : Ca | radiup of the circle A FEE 
CK : Ck :: CA : CaJ to that the circle afhe. 

36. To convert bines, tangents, secants, &c. calculated 
to the radius (r), into others belonging to a circle whose 
radiub is (J?), we have only therefore to iiicrease or diminish 
the formei in the ratio of I { : r. If, for instiince, it was 
required to comert the sines, cosines, tangents, secants, 
&c. which (ill the preceding section) were calculutcd to 
radius (1), into others belonging to a circle whose radius 
is 10000, wc have only to multiply euch of tho'ic numbers 
bv 10000. 


Ill us, 

Radius = 10000 


IlaJKis 1 

Siac 4.;' = .70710(>S 

Cosine 30"^^ .SG00254 
Tang. 60®= 1 .73 20’) 08 
Secan t 30® -=1.1547 005 
&:c. 


Sine 45’“' = 7071.068 

Cosine 30®= 8660.254 
Tang. 60® = 17320.508 
Secant 30®= 1 1547.005 
&c. 



TEIOONOMETRICAL FORMULA. 


17 


CHAP. IL 

ON THE INVESTIGATION OF TRIGONOMETRICAL 
FORMULAE. 


Trigonometrical Formulae are generated by processes 
purely aical; but it will be proper to estigategcome- 
/rica%theifundameiitalTheorein uponwhiVh they arc built. 

VIL 

On the method of finding geometrically the sine and 
cosine of the sum and difaence of any two arcs, 

37. Let AF, F E, be the two given arcs, of which AF 
ib the greater; take F D=FJS, and draw the chord JED, 


E 



wliich will be bisected by the radius CF in the point L; let 
fall the peipendiculars DH. FG, LO, EMy upon the 
diameter, and drawDQ, LiST, parallel to it, meeting 
LO and EM in the points Q and N, Then FG= 8 in, 
AF^ CG=cos. AFy £L=sin. CjL=cos. EF. 

D 



IS 


TRlGQKOMfiTRICAL FORMULA. 


Since thcS(|rc jE r=the arc FD, EL tnust be equal to 
LD ; and aince LN b parallel to EQ, the ^ELNh 
equal to ilic z.LDQ\ hence the right-angled triangles 
ELN, L both equal md similar; L^^LQj 
and JM.— Q D. In the parallelograms MNLOj 0 QDH^ 
we ha\e NM=iLOj and pHvs^O ; also QE^OH, 
and NL=MO\ hence QD, 0£f, OM 3 NL^ are all 
njual to each other. 

Now tlie aic JE:=^yir + FE'=^sim of the arc*;, 

arc yiD = A F—FD(FC)=:difftiienceoi the arcs. 

And LAJ( = Mn.v^ C=s)ne of the sum, 

E /i= sin, yiE= sine of the diffidence, 
rAi=co‘^.^E=cosine of the sum, 

C//- cos v^E=cosine of the difference. 


Agiiin, since FG is parallel to LO, and LN parallel to 
VO, the tnaiigles CVG, CLO, ENL, are snmlai ; 

iim.cf 1 C.:- CL 

t / I ad. 

('/■ . ffi LL : 

C I rad. 

cr : CG : CL : 

tt rad. 

FG X E L ^\n.AF x sin. E F 


VFirGi-.ELiNL^ 


OF 


rad. 


VV4- V/:=LO + .V/ 
//ti n()=/j)--LnzzLO^ iV k 


(a'r j/=f vy 

cii^co^nn=(o^ivj 


or^n of^ttwisssin JFx coR.fiF+cns AFx sin EF 

rad. 

ochiiuof dif =» sin. AFx ros.£F" ( os AFx sU) FF 

lad 

^rco>.ofrtfw=cos./yF xcog .FF— M il Al Xsin E F 
lad. 

or cos of dif. ^cos AFx cos.£/* +s\ n*/IFx sin EF 

ind 


I n hg. 2, ss iiei e A Liagn ater tlia n 90 we ha\ t ' A/= MO —CO, . — CA/ 
CO— MO , IlUlnscasetllcc>Ji«el:^»{^af/ve, whiclnvillbce\pla»nedinArt 07« 
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VIII. 

On the Formulcr derived mmedi^eh) from the 
foregoing; Theorem. 

PrmoiHi to of these Algebrltic Formate, 

it will be noce^T)' to exbitlllt the system of notation by 
wljidi the operation** arc conducted. 


39. Let a and 4 be any two arcs, of which a is the 
grealei ; then 


Tlif ji/j<*ofaiscxpftssedby^i/?.a I 

rheslncof their w is oxpresse dby iiw (n - 

cosine 

. cos. a 

ihjjertnce . sin. (fl- 

tanneut . , , . 

. ian.a 

//fl// their sum 

cotangent .... 

. cotnn.Q 

. . . . 4r/// their (lifFeren ww .[(<7- 

S'fU 'ire of sine . . 

. sin *0 

The of their s/;/a; . tan, {a 

Cute 

. sin 


Square of tangent , 


. , . . Juilf their swm . ton 

CuLe 


, , . . . . (J lifer cm c Jan. {/a- 

&c. &c. Sec, 


dc dc dc dc. 


40. Now let rad. = 1, EF=h; then the gene- 

ral expressions for the sine and cosine of the sum and 
difference of any two arcs as they stand in Art. 38, may be 
exhilrited in the following manner : 

sin. (a + l) =:sin.axcos.4 + cn*.<7Xsin./; (C). 
sin. (a— A) =f«iu.axeu.4— cos.flXsin.A (D), 
cos. (a+ 4) = cos.o x cos. 4 — sin, a x sin. h(E). 
cos. (fl — 4) =s cos. a X cos. 4 + sin , 0 X sill . 4 ( / ) . 

The formuI.E immediately deducibic from these e\pK's- 
sions ma} be divided into thice classes. 


CLASS 1. 
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CLASS I. 

This class cqpsists of formube derived from them by 
addition and suSttactio^ 

fbrmula I. 

41 . Md (D)iSbr'^(Q}^ 

sin. (a+i)+sin. ('i-- 6)^2 sln.a'xccdr. b, 

or sin. ax cos. isarj- sin. (a+i) + J sin. (a— 6 ). 

Formula 2. 

42. Subtract (D) from (C), then 

sin. (a + b) — sin. (a—b)=2 cos. a x sin. I, - 

or cos. a x sin. ^==1 sin, (a + i)— !• sin. (c— i). 

Formula 3. 

43. yidd (E) to (F)f we have 

cos. (a+i) +COS. (a— i) = 2cos. a X cos. i; 

cos. ax cos. i= 4 cos. (o 4 -t)+Jco 8 . (a—b). 

Fo?mula 4. 

44. Subtract (E) from (F), then 
cos. (a — 6 ) — cos. (a 4* 6 ) = 2 sin. a X sin. 

or sin. ax sin. i=tco 8 . (a— i) — J-cos. (a+d). 

CLASS II. 

In the second Class are placed such formulae as may be 
immediately derived from those in Class I. by making 
a+ 6 =/>, and a— 2 '.=^ ; in wbidi case a=t and 

b=i{p—q)i then^ fiom 

Formula 1. sin.p+sin. 93 2sin. ^ (F+ 7 ) cos.^ 

2 . siiup— sin. 9 s 2 cos.^ (p + 9 )sin. t ip—q)> 

3. cos.p+cos,g=:2cos.^(p+9) cos.^ (p—q). 

4. cos.^— cos.p3s28m. i(p 4 ’ 9 ) sui.i(p— 9 ). 

But 
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But it is endent that it, is not necesssi^to consider 
p and q as the sum and diflerende of a and b, any longer 
than whilst the subiititdtiflil' is actBidl)^|jiiakiiig. When 
this substitution is once made, ax'preMKMis dontaiaing p 
and q become true for wrw %batever j to preserve 
therefore an wa. shall put a and^ 

for p and q in li»ttl»4miil!i«|DiK>> and we then have 

JPomttl^S.' 

45. sin. a+sin. 1^2 sin. (a + l) cos. i (o— i). 

^ Formula 6. 

46. sin. a— sin. cos. J- (a+i) sin. ^ (a— i). 

Formula 7. 

47 . cos. a+cos. is?2 cos. |:(a+6) co8.i (a^i). 

Formula 6 . 

48. cos. 6— cos. a=2 sin. i (a+5) sin. i (a— i). 

CLASS III. 
sin 

By Art. 15,if rad. = l, tan.=^— ' ; andbyArt. lfi,cotnn. 

==.-L.ssS 2^; and in this third Class are placed the for- 
tan. sin. 

mulae which arise from dividing those <v€>f Class II. by each 

other in successibn. and substitnting ttk* for cotan. 

cos. 

« cos. - 1 4* I 

for . - , tan. for , or cotan. for - — . 

sin. cotan, tan. 


Formula 9. 

49 ^^*^*^+sin.6 ^eih. \{a + l) cos. J (o— 1) _, tan. j (a + tf) 
Bm.a-*sin.& cd8.4(a+i')sm.4(a— 6)"^tan.^(a- h)' 

Fo) mvla 
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'' Foimuh 10, 

50 cQs.ifff— A) __ sin, t (a -«- 1 ) 

cos. a cob.l (a+^)cos. i(a— i) U9b.i{n+l>) 

sstan.J (a + i). 

i 

Fom^lita II. 

^ + \ ia — l) 

cos.A— cos.a isAn, 7(a^ir) $in. ^ {a^^b) sm. i{a-^b) 

. u z=cotan. j (a—/;). 

Parrmh 1 


52 t^ cos.^(g-f-fy)sin. » (g — 0 

* cos. a + cos. A cos. i (g + ^jcos. t) c()s.i(a— //) 

=tan. i (a— 6). 


^ Formula 18 * 

<sin.g— sin, (a+6)sin. ^(g— f)_^eo8.i (g + 6) 

cos . 6 — cos.^ sin. Ha -f- sin . 4 (a — 1) sin . i(g-i-/;) 

= cotan. i (fl + i). 


Formula 14. 


« 

cos g + cos./j_^ cos. 1 (g + />)cos.Ug~/) _cotnn Kg + i) 
cob. /; — CO'*, a sill . 1 (g + // ) sin . • (g — 6) Ian. i (g — i') 


To tins clas^j may be added thee other forninl.c, which 
uiisc from making 6 = 0 in formulae 10, 11, 12, 13, or 14 ; 
111 winch case, sm. 6=0, atidcg5. 6 (=radius) =1. 

p 

Fonniila 1$. 

OK Make 6=0, in formula 10, or 12; then, 

sin. g 1 

— — ss tan* 4 o • 

i+cus.a ‘ coian. i a 


Foimulif. 16. 


SG. Make 6=0, in formula U, or 13 ; then, 


sin. a 
1 —cos. a 


==(Otan. 


4g=: 


1 

tan. I a 


Formula 
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Fornatla 17 > 

$7. Make b 0, in fnrinafa 14 ; 

1 cos. « L 

1— C09. a tan. io; ^ ' taii.^ia 

IB. 

5S. Invert the'expn^on Ibmula 17 i then 

I — cos. tl 


1 


i +COS1. a 
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IX. 

On the investigation of FormulfE for finding the 
sine and cosine of imihtjile arcs, 

59. In Formula 1st, (Art. 41.) transpose sin. {a—b) to 
the other side of the equation ; then, 

sin. (ff + /;)s=2 cos. // x sin. rt — sin. (a—b). 

For a in tins equation, substitute b, 2 b, Sb, ib, Sic. 
; ami we have, ^ ^ 

sin. 2 /f == 2 cos. i x sin. ^ 

sin. 3i/=z2 cos>. b xsin. 26 — din. 6. 
sin. 4 6=2 cos. 6 x sin. ;?6-*-sin. 26. 
sill. r^h:=^l cos. 6xsin. 46 — sin. 3 6. 

&c. = &c. 

sin. w 6 is 2 cos. 6 X sin^ (n — 1 ) 6 — sirft (n — 26 . 

GO. In Formula 3d, (Art. 43.) transpose cos. (a — 6) to 
the other side of the equation ; then, 

cos. (a + 6) = 2 cos. 6 X cos. fl— cos. (a— 6). 

For a in this equation^ substitute 6, 26, 36, 4 6, A;c. 
successhely- and vte have. 


cos. 26. 
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COS. 2&e=2 COS®. 6—1/ 

COS. 36=2 cos. 6xcos. 26— cos. 6, 
cos. 46=2?cos. 6 xcos. 36— cos. 26, 
cos. 56=2 cos. 6 xcos. 46— cos. 36, 

&c.=&c. 

cos. «6=2 cos. 6x<^ 6— cos. (n— 2)6, 

From which it appears, tlmt if the sine and cosine of any 
arc 6 be given, the sines and cosines of the multiple arcs 
2 6, 3 6, 46, 5 6, &c., nb may be found in succession. 


X. 

On the investigation of Formulce for finding the 
tangent and cotangent of multiple arcs. 

To do this, we must find the tangents of the sum and 
difference of any two aics a and 6. 

Gl. Now by Art. 15, when rad. =1, tan. = hence 

cos. 


/ . L\ bin. (a+6) ,1 A * .^vsm.axcos.6 + cos,axsin.6 

tan . (a + 6) = ) = (by Art. 40) , . 

cos. (a + 6) cos. a Xcos. 6 -sin. ax sin. 6 

(liy dividing numerator and denominator by cos. a xcos. 6) 

sin. a sin, 6 

tan. a 4* tan. 6 


cos. cos. 6 


1 - 


sin.axsin,6 I —tan. a x tan. 6 

cos. a xcos. 6 


02 . 


1 / M sin,, (a— 6) 

For the same reason, tan. (a— 6) = ) rr = 

^ ' cos. (a— 6) 


'in. a V oo«;./»—cos.a xsin,6 
cos, a X cos . 6 4 sin. tt x sm. 6 ' 


ein.a sin. 6 
cos. a cos. 6 


tan. a— tan, 6 


Miuajjc^sii^ 1 tan,6 
‘'^cos,axcos.6 


63. Now 


* For cos. (a— 6)=co8. (6— 6)=cos. 0=rad. =1. 
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63. Now in Art. 61, let 6 =£e, then 

* o - O' 
tcin. ~ - — — , 

1 — tun. a 

\ 

Let J=:2cr, and we have 


tan. 3fl= — 


tan«a+taru2a 


1 ~tuii.4zxtan.2a 


. 2 tan. a 
,a+ . 

1 — tan.a 

2 tan, 'a ^ 
1 — taii-“a 


_taiua— tan.^a + 2 tan.a_3 tan. ff — tan.^q 
1— tan. ^42 — 2 tan. *a l--3ian. "a 

Ami thus by substituting for in Art. 61, 2^, 3(7, 

4q, &<*. successively, we obtain formula: f4>r tan. 
tail. 3fl, tan. 4(7, tan. &c. &c. 

64. Since (when rad.=sl), cotan. = — we have 

tan. 

o ^ 1— tan.V I 

tan. 2 a 2 tan. a 2 tan. a 

cotan. a — i tan. (/. 


<otan,3a = 


3a— 1— *3tan/a 
tan. 3a 3 tan. a— tan. 
&c.=&c. 


XI. 

On the investigation of Foimulce for expressing the 
powers of the sine and cosine of an arc. 

63. By Formula 4th, {Art. 44.) we have 

sin. a X sin. J = l cos. (a — -) cos. (a + i). 

Let Z>=:a, then 

sin.*a=i— i cos. 2 a, and multiplying by sin. a, 

F 


sin. 
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sin.Vsr^^in. <7— j cos, 2a x sin, a 
=i sin. a— isin. 3a-|-i sin. a * 

= i sin. n—i sin. 3 a— multiply by sin. a, then 
sin.Vs=4 sin.^^isin.^a xain. G, and substituting for 

[sin.^ajts value just founds 
=#— # cos. 2 a— ii|»»3flrxsin. a 

i cos.2a— icos,2a+icos.4a t 
=% -'K‘os.2a + f co8,4a. 

&c. = &c. ^ 

‘ By proceeding in this manner, we obtain expressions for 
any poiva s of the sine, in terms of the sine and cosine of 
the arc or its multiples. 

60. By Formula 3d, (Ait. 43,) we have, 

cos. a xcoa, i = 4 cOsS. (a f ^) + J cos. (a— 6). 

Let I = rt, then 

cos.®r7= i cos. 2a + or a + 1 cos. 2a; mult, by cos. a, then ^ 

cos.‘Vc= \ cos. a + ^ cos. 2a x cos. a 

= i cos. a + i cos. 3 a -f ^ cos. a I 
= j cos. a -p i cos. 3a ; multiply by cos. a, then 

cos. 


By Foi inula 2d, (Art. 42,) cos. ax sin. Z=: jsin. (a-1-/.) — 
\ sin . (a — ; foi a put 2 a, and for 1; put a, then cos. 2 a x '-.ni. a 

sm. sin. a, /. 4 cos, 2a X sin. as=i sin. 3a— i sin, a. 

I B\ FoimuLi4th, (Art44',) sin. axsin. ^=r j cos. (a — ^) — 
\ co>. (a + fj), ioi a put 3 a, and for b put a, then sin. 3 a x sin.a 
=ri COS. 2rt — 4 COS. 4a, ^ sin. 3 a x sin. a=: | cos. 2a — 

4 cos. 4 a 

t B) Foimiila 3d, (Art. 43,) cos. a X cos. i=ico 5 .(a+^) 
+4 cos. (a— ZO, for a put 2 a, and for b put a, then cos. 2 a x 
cos a = 4 cos. 3a +4 cos. a, 4 cos. 2a X cos. a=ri cos. 3a + 
i cos. a. 
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rob.^a=} cos. “a + ^cos, Saxcos. andsfibstitutingfor 
• [cos.®a its valu^jijust found, 

=|-f 4 cos. 2a+ico&.3axcos. o, 

=t + 4cos. 2a-f-| cos.4Jll4-4cos.2fl,|| 

=} + ico8. 2a + icos.4u. 

&c. = &c. 

And tluis we obtain expressions for any powers of the 
cosine, 111 terms of the cosine of the arc or its multiples. 


XIL 

On the variation of the sine^ cosine, vetsed sine, 
tangent, and secant, throtigh the four" (luadurus 
of the circle. 

PicMoub to tiacing the variation of these Iiius lonml iIk. 
circle, it IS Tie( essary to obsei\o, that gcoinetncnl (juaiitirics 
aie measured from some given point or line, aiul, when 
expressed algebiaically, are leckoned + or — , accoidmg ,i' 
thev lie on the same or opposite sides of that point or line. 

()7. Thus^ in the circle ADBE, if the w//c? of the aus 
m the semicircle ./iDB aic reckoned +, the s'lnes of 
the arcs in the semicircle BEA (lying on the opposite 

side 


II In formula of Note {♦), for a put 3fl, and for b put o, then 
<os 3a X cos- a = i cos 4 a rf ^ cos. 2a, 4 cos. 3axc'o«^. a = 

I Lus 4a-l-i cos. 2 a. 
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side of th<fe di'Arncter 
ylB), wiJl be reck- 
oned — ; and if the 
cosines of the arcs in the 
fust quadrant y/D be 
reckoned -f ^ the cosines 
of arcs in the second 
quadrant D/J (lying on 
the o[)pof>lte side of the 
center C)^ must be 
leckoncd — . Since 



tan. = ^ — ^jtlie tcin<^cnts of these arcs will be positive or ne- 
co^ 

gall VC y according as the sine and cosine have the ,'iame 

diffcient vsigns : and since sec. = -J~. the secanty of tho^c 

cos. 

aics will he positive or negative^ according as the cosine i^^ 
positive ox iKgatiLC, With respect to the veistd sines, 
since t/icij aic nicasiirod fiom ^ they will he altogclhci 
posiltre; in tie' sciniciicle they will \ary fioin 0 to 

diainctii ; and in the semicircle they will var\ fioin 

dnnnvtvr to 0. 


With this exjilanation, the following Table, cxhihitiiig 
the vaiKilnm of the sincy cosine^ tangent^ and secant ^ 
ihiougli the Join quadrants (f the circle, v,\\\ be readily 
understood. 


To 
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In first qnadrml AD. 

The S/ 7 / 6 " increiises from 0 to radius^ and 

Cosine decreases from radj^us to 0, and is -f. 
Tan<^cnt increases from 0 to infinity, and is 4 -. 
Secant inci eases from rai(Sti$. to infinity, and is-f . 

In second quadrant DB. 

The Sine decreases from radius to 0, :uul is + . 

Cosine increases from 0 to radius, and is — . 

Taihf^nt decreases from infinity to 0, and is — . 
Secant decreases from infinity to radius, and is — . 

Tn third quadrant BE. 

The Sine inci cases fiom 0 to radius, and is — . 

Cosine decreases from radius to 0, and is — . 

7\ rr:ent increases fioin 0 to infinity, and is -f- . 
*^(cant increases fiom radius to infinitv, and is 4 . 

In fourth quadrant VsA. 

1 

"J'hc Sine decreases from radius to 0, ainl is - . j 

Cosine increases from 0 to radius, and is f 1 

Tail gc /it decreases fiom infinity to (), and is — . ' 

Secant decreases from infinity to radius, and is — . 


Take any arc AI] and make Df^DF ; / Sec Figure 
diavv the clioids FI I, flu perpendicular to ^ opposite ) 
die diameter . /Z?; join CP, Cf C//, Cf/, and produce tJicrii 
b meet the tangent at A in the points k. Then, fium 
tie dffinHionii of sinc^ cosine, tang;eni, and nran/^ it 
• M)Jear^ that 
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FG U ^ Mne of the arc JF 


fs . . of the arc ji f 

g h of the dxcABh 

GH of the arc ABH 


From the construction of the 
•Figure, It is easily proved that 
FG^fg^gh^GH. 


CG IS the cQHne of the arc A F, and of the arc ABH^^ CG = C<' 
Cg of the arc and of the arc ABh j 

AK is the tangent of the arc AF, and of the arc ABh -i jj. 

Ah of the arc A J\ and of the arc A BH J 

CK IS the secant of the arc AFy and of the arc ABh \ ri. 

C k of the arc A fy and of the arc ABH / "" 


Now let the arc AF^a^ and a semkircuhMr aic or are 
of 180 “ = ^; then, vSince arc AF'zsfB^Bh=^ AH, we 
have, 

Arc /If = v-fB=:^ 

A Bit ss x'\‘Bli ss ^lF^W'\~(i» 

. 1 v;n^ 2 t-ah^^^-a f= 2 ^ 


lIenre,/ui'-=Mn.'/ 

/'g=^5in 'T— 

g It =Sin.;r -}- r/ 

|rj/7~sin.'2?r— ft 

('It — cos a 

Cg rreos,*- — .'/ 

Cg :=:COs T. 

rfy — LO'* 2 t — ft 

/! K --tau a 

Ak —tau.T — 0 

'/A = till) TT t-r;j 

A k-=z[Au ‘iTF—n 

('A=seca 

67: = sec .*’— 0 

FA = .scc.7r-j-o 

C /' = scc 'iw— ft 


wlieu these lines are expressed algebraically, fg= 
rr;, -h and G//=-FG, C^=-CG; Ak^-Ak) 
and Ck^ — CK} from which we deduce, 


sin.;r— a= sin fl COS. 
sin.?r-f-rt=: -sin.acos. ?r4-^= 
sin 2^«=‘-sin c/'cos.29r-a= 


— COS.fl 

^ cos.a 

+ COS.fl 


tan. 

ran. 5r-f^= 
t3n.29r— .4= 


— tan.a 
4-tan.Gj 
— tan a' 


>60. 7r—cr= 

>ec. = 

sec.'iTT— i — 


—sec ft 
-f- sec. 
—sec. ft 


For 


* S.iuc -T— « IS jhe supplement of the aic a, it appear 
that the sine of the supplement of any .ride is the uiu 
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Fora more general exhibition of a table of ^skind^ 
and for many very important Trigonometrical Theorems 
applicable to purposes purely algebraical^ the Reader is 
referred to Mr. WooDHOusB^s Treatise on Plane and 
Spherical Trigonometry. 


the sine of that angle; and that the cosine^ tangent^ and secant 
of the supplement of any angla is ihd same as the cosincy 
tangenty and secant of that angle^ but with a negative sign. 


CHAP. 
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0\ THE CONSTRUCTION OF 


CHAP. III. 


THE CONSTRUCTION OF TRIGONOMETRICAL 
TABLES. 


From the Formuht* exhibiting the value of the sinc^ 
cosine, tPTigcnt, A,t. hi Sect, IL it appears, that if the 
s?//e ol till ait he known, the rest may be immcdiatclv 
found . and by means of the formulae invcstigvitcd in 
Sect. IX. if the sine and cosine of any are heaven, nt 
f in find the sine and cosine of any multiple of tliat arc 
I It lit c then It IS evident, that if the sine and cosme of one 
di^Kt^muwUy s(co7(lykc, be knoWn antlirneticallj, \\t 
could cihniate the aiithmetieal \aluc of the siiu\ co'-ine, 
tanc;ent, &.C. of every degree, miH&ft, stcondy kc. of the 
(ju.idiant We shall therefore begin with shewing the 
method of findmg the sine and cosine of an arc of F. 

XIII. 

Mdhod of finding the ^ine and conne of an 
arc of l'. 

6S. ThAiemi periphery of a circle whose radius is 1, i*' 

.1.141592653 ; and since it is divided into ISO , and each 

degiee into 60 minutes, the number of mivutis contained 

m it IS I'^OxhO,^ or 10800; the lengtli of in aic of 1 

, ^ 3 141.502653 

ihtiefoic IS joSUO^ ^ 0002003Sb. 

I ct 
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Let a be any arc of a cirde whose radius is.lw^tben 


3» 


» sm. ff=«- 


B*r 


a— am. as 


0* 


2.3.4.5 

. 


•&c. 


2.S.4.5 

Hence arc 1’ — «n- 1'= 


•f&c. 


;90S^> .0002ji688«1‘_ 

'i.~9.4.5 

.0()00000000(Mi ; from wliii^J^^ars,.that the dif- 
ference betw ceU an arc 1' w so small as not 

to affect their respoetive for the first ten places of 

decimals ; apd as Tables calculated^ for seven places of 
decimals are sufficiently axactfor all common purposes, the 
arc and sine may in this case be considered as t tjnal to 
each other] i.e. sin. raB.000290888 to radius Ij and 

therefore cos. 1'= V'f^.OOOijyOsliHy =r 

- .iH)0(K)0084ei&828fi44 s= .3^17 H 5(i 

= 99'J99i)9b very uB^y. 

\ XIV. 

■Method of constructing a Table of sines, cosines, 
tangerUh &c. for ev^ degree and minute of the 
quadrant, to seven places of decimals. 

Since cos. l'=s .999999 96, 2 cos. 1' must l)c equal to 
1.99999992 ; call this quaiytity m. The nearest value of 
.000290888 to seven places of decimals is .0002909. Now 
let I, in the series at the end of Art. §9, be an o» c 1 ' ; for 

sin. 


* For the investigation ofthisserieii, ilm Readei is referred 
to Vince's Fluxions, Prop 105. 

F 
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An 

bih. b, idid S cos. b^ substitute .0002909 and m resp^Cr^ 
lively; and we have 

A ' 

69. For the shuis. 

sin. 2'=2cos.l xsin. l'=Bix 0005818 (a). 

8in.3 =2co».l'x l!'=mxa_.0002909~0008727(i) 

sin, 4'=:2(XllB.l'Xsin.S'’-sio. 2'sin5*-a =.001163G(c)- 

sin. 5'=:3cos.rxsin.4'— siii,3'ss:i»c— S = 0014544- 

Sic. =3 &e. See, 

70. For 

cos.2'=3ros I'x cos.!'— lsa« X .^99£^— 1 ” =.9999998(4) 
cos 3'=2 cos.i' X OOS.2 -cos.'l=Si x 4— 99999996= ■9999996(e) 
C 08 . 4 '— 3 cos 1 ' X cob.3'-— cos 2'szm X e— d =.99!>9993 

&c. = ii-c iec, 

* ( 

III this manner wc proceed to find the sines and cosiiic«« 
of every degree and minute of the quadrant, as far as 30* i 
the whole difficulty of the opeiatK^ consisting only in the 
niultiplu.ituin of each successive result by the quantity (m) 
From *MT to 60* the sines n»y found by mere subtrac- 
tion. To shew the methfjfrpf doing this, it is necessary 
have recourse to Formula I. where we have 

sin a + /-|-siU. u 2 sin. a cos.^. 

Let a=30^'\ /- sin30®-hi^4-sm.36^^=2 X i X cos ^^=€05.^, 
tlien s«n.rtr=j; j or smp3jG^+^=c‘os*^— sin 30®—/' 

Let is= 1 S', 3', 4 , &.C, then 
sin. 30" r=cos. I -sin. 29" 59 . 
sin. MT 2'= cos. 2 -'^n. 29" 5 S'. 

.sin. 30" 3'=ce(B.8'-sin. 29" 57'. 

&c. = 8cc. — &,c. 


Winch 



YAQUtS. 

Which being contimed t» (ijO*, the cmuesj!^ will be 
^hjj^n to 60*5 for »' ' ■ j 

cos. 30* r*!«n. 59* S^, 
cos. 30* 

co8.30“3'*8ih.?i0*8r 

&c. 

The sities and c6tAni» from ^ to 90* are kbown from 
the sines and Gosines between't^ and 30*; thus^ 


ein* 60* I'scos^ 29* 59'. 
sin. 60* 2'= cos. 29* 58^. 
dn. 6{y’^=coB.29^57'. 

&C. as 8tC. . 4*^ 


COS. 60* r«hm.29*5$r. 
cos; ^ 2'=ssm. 29* 58'. 
Q& S'sssin. 29* 57'. 

"> &:c. =5 &c. 


7 1 . For the vefsed sines. 

Having found the sii^s and cosines, the versed sines are 
found l>y subtracting the cosines from raditis in arcs less 
than 90% and hy^^^j^g thc cosines to radius in aics 
gi eater than 90’’. ^ 

Thus, vcr. sin. TskI—cos. T=.0()00000d. 
vcr.dn. 2 cos, 2' as, 0000002. 
ver. do. S'ss 1 —cos. 3' = ,0000004 . 
ver. sin, 4' = 1 — cos. 4' as .0000007 . 

&c. ss Sic. 

rer. sin. 90* I'ssl+cos. 1' as 1,00000004. 
ver. sin. 2'=^l+cos, 2' « 1.0000002. 
ver, sin. 90*3'=l+coi. 3'=»J. 0000004. 

&c. 8cc. 


72. For the tangpiis and cotmgmts- 


When ladmsa::!, tan. a=: 


sin. a, 

eosTa' 


hence, 


tan. 



ao-. 


Ibq. '^flOdn. Sd'Sd'. 




tan. 2'a:2Jil|J sipotaa. W 58', 


<» 6 . 2 ' 

tm. 3 ’=*“- 




• 3='^ ’#!“'«'■ 57'- 

m. =5 «c^ 


4 ^<' 


In this nwmie^ it ncnet^m^ to |>r«ceed tUI t^e 

krrive at tau. 45% aiKt whi^ tbe tn^nts (iwd conw- 
qubutly the collitigisnii}^a.y fa^/oond by a" more simple 
method. ^ For by Arf. 6l, 88. , 

!>(?*- 4 f* 


. ■ " '■ T" ' f ' tafti a+tan. b 

La , ^ 

then tan. 1 j J * ^ I -^tan* v 

" j jL. jiTv * " 1 —tan. b 

and tan. *& —b=:rr^ . 

Ti . -r., . -7 * •’TTS — / 1 + tan. b I —tan. b 

Hence tan. 45 -fA— tan. Ah^—b ^^ — , 

^lw-tan. 6 l+tan.& 

r-tan. 5V 

I ->-tan,~2)* 
l~tan.^ 

Rut bv Art. fe3. tan. 

a . o » *^4 tan. h 

.‘.,.2 ttm * 25 — •»— . 

^ ■ 1— tan.5| 

Hence tan. 45“-f5--taji. ^jj5*— 5=2 tan. 25, 

4 . *■ 

or tan. 43*^5 = tan. 4^*— i-h2 tan. 2/>. 

Let 



Let i = r, 2', 3'i 4V.^.4ben 
, 45* l'=stan. 44* 5^+2 tam. 2'*s=cot«i, 44* .59'. 
^45* 2'=tan. 44^58'4-?/Mn« 4's±c<>U(n. . 


tan. 45“ 3' = tan. 44*j 
See. s= &&. 




f aacotdn. 44* 57% 


By tins means we and cotap^ts for 

every degree and 'sniHlt^ We 

' 79, For'tbe'iecatifseild^weaii/^ 

Tbe aecants add 4^ midatea of thd 

quadrant maj^bis fqunrfpori havo> 

Tan. a -fsec. ^8=:co€an«,Vlf 

«\ hcv. 4li^tsltm»^^an. u. 


«\ t)Co. a=eot^ //. 

Let 

then stc. 2 s^coiteL 44*Sy -^taii. 2'sCDf»ec. 89^58 
sec. 4'=cotaae 44*’58'-«tan.^4':s=c5Dsec. SS^'SG'. 
sec. 6 =cQt fl^ |A4”57'^tgm, ^^ascofeec. S9®5f. 
&c. = 

where the ^^ecants (aHil eondequently the cosecants) are 
j||K)wn from tlie tangedjai and contangents being known. 

With respect to the odd minute*) of the quadrant, wc' 

must have recourse to the expiMion sec. «= ~ 

. • cos. a. 

Let as=i 1 3', 7', See. then 

sec. V=s ... j — -ascoaec. 

COSa 1 

sec. 3=^ — sffcosec. 89^57^ 

cos. 3 

sec. 5'=-*-^— =acosec. 89*55*. 
cos. 5 ^ 

&c. = &c. 


By 



iA«am therefofe of these •formulae the secants end 

* Mfti, » 

enifBccants for the whole quadrant are known. 


On the inveiitigiUim^^Jl^riml^ of verification. 

Wc have thus sheii^m l^e^i|aefhod of constructing the 
Trigonometrical Camin of signs^ eosines^ tangents, &c. 
for every degree and ihiuute of the quadrant ; the rmde 
(f arrangtng them ih Tables must he learned from the 
Tables theinsdves, and thevf^Epjlanatioiis which accompany 
them. We shfall nW i^hhw fihc method of investigating 
certain fornmise, which, from thdir utility in rectifying any 
errors which may be made ih these laborious arithmetical 
calculations, are called Formuke of verification. 


In Sect.V. we gave the method of finding the sines, 
cosines, tangents, &c. of a of arcs from the 

established properties of aics of -<a|^an(l 30'’ ; the values 
of the sines, cosines, &e. deduced by this independent 
method, would serve as a very proper check to the com- ' 
putist ill the process of emulation, and in that icspeqi, 
tlie formulae from which they were derived may be tonsi- 
dered as Jormiihp of vernation. But from the pn uiples 
laid down in the preceding chapter, a vast variety of formulae 
of this kind might be deduced- We sliall select only 
ont, which may serve a s^imm of the rest. 

74. In the i^joiseles trian^e, described in the lOth 
Prop, of the Fourth Book of Euclid (see Figure in that 
book), since each of the angles at the base is tffj/lilr of the 
angle atthcveitcx, it is evident that 5BJD=l^0% or 
= the base BD therefore is the chord of an 


arc 



aic^^of 36% and oonsaqueittly ttvicf the eme et 
•'• I^D=sm. 18*. 


Let BDss X, ^ BCss BD*^ 


then B C 



i — 4css»ac* ; 


= 1— X. 


4» 


or *+^asA^ 




s5tn. 18*. 


Hence coi. IS'j* =(1-^^. 1^]*) 1 -£r^V^-i±y 
By Art. 40, cos Oifijagcos a xcos. A—*ln. a x sin. I-. 


Let b=a, then cos. 2 8= cos, a)*~wn. o’)* ; 

. cos. 36* =r cos. 18^*— sin. 18^* 

- 5+^ /5 6-2^J 

S 16 

___ lO’htf's/^ — ’* 

“ 16 

=,in. 54*. 

— 16 4 

By Formula 1, ^ 

If a = 5r 

‘»»n 54‘*'f^+sin 54*" — ^=2sin xcos. /; 

If « = 18”, ^ 

Sin i8*4-^4-8in 18 ” — ^—2 bin 18®X coh, 6=^^“ I x fos ^(i) 

2 


Hubtrdct 
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^[ubtraOt F fiom JT; then we have 
’JSn. + sin , 54^- siA. r8'+^ -aJn. 

4ftcre different values mltjr be substituted for 1 ^ Ifl^the 
{dea&ure of the coinputist. ^ ^ 

Let 'I ' 

b— 10®, then iin. G4“+8i5i.*^*— «n. 28®— sin. 8*=co8. 10" 
, . , fttti. 69^+&fA»8d^-^dine 33^— sin, 3*=rcos. 15" 
See. &C. &G. &c. ^ 

Example. 

In Sheuwin'* Tables (5th Edition), where the natural 
sines, cosines, tangentf., &c. are computed to radius 10000, 
It appears that 

mik 64"=: 89S7.940 sml 28" =4694. 7 14 

sm. 4r= 6946. 584 " sin. 8^^=1391 .73 1 

1,5934,524 ' 6086.445 

6086.445 > 


9S 18. 079=cos. 10" 


ling to the formula. 


Nou, in the same Tables., thecosine of 10® is calculated 
at 9848.078, from which it apjlears^ that there is some 
maccuraev in the loi^t figure ot the numbeis expressing the 
\aluo either of sin. 64«, sm. 44% sin, 28^, cos. 10®, or 
sin. 8", 


Again, 

sin. 69*= 9335 .604 ’ 33®= 5446. 390 

MU. 39"= 6293.^ «rt. 3®= 523 .300 

15029.008 :>%9.750 

59 09.750 =-=.=- 

9059.‘258aacos. 15“ accoiding to the formula. 


lu 
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In the same Tables^ the cos. 15* stands at 9659.258; 
i^ih which we may conclude, that sin. 69*, sin. 39% sin. 
33^jsos. 15% and sin. 3*, are rightly computed. 

XVI. 

On the construction of of logarithmic sines, 
cosines^ ifc. 

7 5 • We have already shewn the methodpf calculating arith- 
metically a table of sines, cosines, tangents, &c. for every 
dUl^ee and minute of the quadrant ; which, thus ex- 
pressed in parts of the radius, are called natural sines, 
cosines, But to facilitate the actual solution of pro- 

blems in Plane and Spherical Trigonometry, it is necessary 
that we be furnished with the logarithms of these quanti- 
ties. (•) To do this would be only to find the logarithms of 
the numbers as they stand in the tables^ pages 34, 35 j but as 
those tables are calculated for radius (1), the sines and 
cosines are all proper fractions ; their logarithms, therefore, 
would all be negative^ To avoid this, the common tables 
of logarithmic sines, cosines, &c. are calculated to a radius 
of 10*® or 10000000000,** in which case log. radius = 10 x 
log. 10= (for log. 10= 1)10x1 = 10.0000000. 

Now, Iet^=6iiie of any arc to radius (1); 
then, by Art. 36, 10‘° x 5=equal9ineof the same arc to radiuslO*®* 

But log. 10‘®XA=l0xlog. 10 + log. 4= 10 -flog. s. 

Hence, to find the logarithm of the sine of any arc to the 
radius 10'°, w'e have only to add 10 to the logarithm of that 
sine when calculated to radius (I). 

Example. 

(•) For the method ot calculating Logarhiimic tables, and for 
a full explanation of the natuie and use of Logariihms, the 
reader is referred to the last chapter of the Elements if 
ytlgel ra ” 

G 
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Example 1. To find the logarithmic tiue of 1'. , ^ 

By Sect. XIII. sine of 1' to radius (l) = .0002909 — 

.-. log. r = log. 2909-log. 10000000 = 3.4637437 -7 =f4637437- 
Hence, lO+log. s = 10+4.4^487 =:64637437=log. sine of J . 

Ex. 2. To find the logarithnuc sine of 4^* 15'. 

,5.=«>741oe=;aa=„. ^ 

/. Iog.js:log.74l08-log. I()000()0=4.8698fi51-6.=2.8GM651. 
Hence, lO+Iog. i= 10+2.8698651 =8.8698651 =log. sin. 4* 15'. 

And in this manner the logarithmic cosines may be found. 


76. Having found the logarithmic sines and the 

logarithmic tangents^ secants^ cotangents^ and cosecants^ are 
found (from the expressions in Sect. II.) merely by addition 
and subtraction^ in the following manner : 

Tan, — ^ •‘.log, tan.=log.rad.+log.sin,— log. cos.=l0+log. sin. 

[-log. eos. 

■' j \a 

Sec. log- wc, =2 log. rad.— log. cos. . . =20— log.cos. 

cos. 



Cotan.=^^i^, •'. log. cotan. =2 log. rad.— log. tan, . . =20— log. tan. 


Coscc.=^^^^^i •'• log. cosec. =2log. rad,— log. sin. . . =20— log. sin. 
sin, ® 


77. To find the logarithinic^i^erreJ riner. 
By Art. 20, 


vcr. sm.ss 


chord * 
diam. 


2 sin.^arc|‘ 


2 rad. 


2 X sill. ^ arc) 
rad. 


- •‘.log. \er.sin.=sIog,2 + 21og.8in,2arc— log.rad. 


Exampib. 
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Example. To find log. versed sine of 30^. 

ver. sin. of 30"=log. 2 -f 2 log. sin. 15®— log, rad. 

^ Now log;2=: .3010300, 

2 log. sin. 1 5 ®=s IS. 8259924 

19.i|^224 
Log. rad, a= lO.OoOOOOO 

9.1 270224 slog. ver. sin. of 30”. 

jk 

Wf have thus shewn the method of constructing tables 
of natural and logarithmic sines, cosines, versed sines, tan- 
gents, co-t&ngents, secants, and co-secants. But the actual 
calculation of these tables, or any part of them, is not the 
object of a tract of this kind. 
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SIDES AND ANGLES 


CHA^^ IV, 

ON THE 

IffiTBOD OF ASCERTAIKINO Til* RELATION BETWEEN THE 

SIDES AND ANGLES OF PLANE TRIANGLES; 

AND ON THF 

MEASUREMEJSTT of HEIGHTS and DISTANCES. 


Before we proceed to apply the principles laid down in 
the three preceding Chapters to asce^in the reh-ition which 
obtains between the sides and angles of plane triangles, and 
to the actual measurement of the heights and distances of 
objects, it will be necessary to investigate a few general 
Rules or Theorems of the following nature. 

XVII. 

On the investigation of 'Theorems for ascertaining the 
relation which obUtins between the sides and angles 
of right-angled and obliqutfhingled triangles. 

78. In the right-angled triangle DBF, if the hypo- 
thenuse be made radius, the sides DF, BF become 
respectively the sine and cosine of the angle adjacent 
to the base. 


With 
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4B 


With BD as radius^ descritie 
the circular arc DE, and produce 
the base EE to E; then,by Art*.7, 
1 1, DF is the sincy and BF is the 
cosine of the angle 
radius BD. ^ "" 



79. In the right-angled triangle BE G, if the side BE 
be made radius^ the other side E G becomes the tangent y 
and the hypothenuse B G becomes the secant of the angle 
adjacent to jhe base. 

With BE as radius, describe circular arc ED cutting the 
hypothenuse B G in the point D; then EG touches the arc 
E D, and, by Art. 9, E G becomes the tangent and B G 
becomes the secant of the angle G BE, to the radius BE. 


80. In any plane triangle, the sides arc to each other as 
the sines of the anglSs opposite to them. 


X 


B JD 

Fig. 1. 



In the oblique-angled triangle AB C, let fall the perpen- 
dicular CD upon the baae^or upon the \>^seproduced\ then, 
by Art. 77, 

The side BC : the side CD :: radius : sine of the angle CBD, 
and side CD : the side CA :: sine of angle CAD : radius ; 
ex aequo. 

The side BC : the side CA : the sine of A CAD : the sine of Z.CBD, 

:: iin.Z.oppog. to BC : sin. ^ oppos. to CA. 

In 
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In the figure where the pjerpendtcular, CD falls upi^ the 
base D-r4 produced, the angle CAB is the supplem^Qt, of 
the angle CAD ; but by Art.67j the sine of the mppliinpnt 
of any angle is the same with the sine of the angle itself; 
in this case therefore the siin^of CAB might be substituted 
for the sine of CAD, and fhe proposition becomes general 
for any plane triangle. 

81. In any plane triangle ABC,\i\e^ sum of the sides 
BCyCA: their dilference :: the tangent of half the sum of 
the angles CBA, BAC at the base : the tangent of half 
their deference. 



Let D C be the longer side^ and let the angle CBA=b, 
B A C^a* 


Now by Art. 80, BC : CA sin. a : sin. ' 

.*. BC+CA : BC—CA :: sin. «+sin. b. : sin.a— sin.i. 

BC-tCA sin. a— sm. b 

But by ] sin. j (a4-^) , 

Formula 49, / sin, n— sin.t"^tan. i (a-~by 

^ JBCr'^’CA tan. i 


or 
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or BC+CA : BC-^CA ::tao. j (a + t) : tan. j (a—h).* 

82. Referring to the Figures in Art. 80, wc have • 

In Fig. l,by Euc. B. ll.Prop. 13,BC*=^iB’+y/C’-2^J^x ^D, 

In Fig. 2, by Euc. B. 1 1, Prop. 1 2, BO=AE‘ ■vAC-’r 2AB x AD, 


* This proposition may be demonstrated ^come/nca//^, thus : 

% 

Let ABC be any triangle 
whose shortei side is AC 
with centre C, and radius CA, 
describe the circle ADE, 
and produce BC to E •, join 
EA, AD, and diaw DFat 
right angles to AD. < B K 

Now BE^BC-^CE=zBC+CA:=^xhe 5vmol'the sides, and 
BD = BC~^CD^BC^C A'=‘\he difference oi ibe .sides; the 
exterior angle ACE=BAC+CBA=^a'\-t, and this is the 
angle at the centre; hence the angle ADC {'wh\(A\ is the angle 
at the circumference) = \ACE= but the angle 

CAD IS equal to the angle ADC, \ CAD = \ + 

and the angle BADz=.B AC— C AD:=^a^\ (a 4-^-')=: 4 (a— 

' Let DA be made radius, then, by Art. since the angle 
DAE in a semicircle is a right angle, AE \s the tangent of the 
angle ADCy ory//C=tan. j (a+^)^ ; and DF is the tangent of 
Jt 0 ^^xo the same radius, or Z)/'=lan. 4 (rz — ^). Again, since 
AE, Z)Fare each perpendicular to DA, they are parallel, and 
consequently by sim, triangles we have, 

BE BD V AE DF 

; or BC+CA : BC^CA •: tan. ( (a+^)* tan. i {a—h) 

• In 
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In each of these Figures ; if be made radius, we have 
AC i AD :: rad. : cos. of the angle CADy cos. CAD 


rad. xAD 


AC 


and — cos. CAD = 


— rad. xAD 
AC 


Let the three angles points AyByC be called 

a, b, c respectively; and the three sides (BC, CA^ BA) 
opposite to them be called Ay By C respectively; then 

AD=^ in the first Figure, and— 


2C 


in 


the second Figure. 


Substitut,p these values 


for AD and— in the foregoing expressions, then 
we have 


la Fig. 1. cos. CAD=. 

^ AC 2 B.C 

lu Fig. 2.— cas. CAD= ( 


AC 

-rad. X . 
AC 


=/ 


\rad.(B*-hC*-^’). 
2J3.C 


Now in Fig. 2, the angle CAD is the supplement of tlic 
angle CAB, r. (by Art. 67-) — cos. CaID is the cosine of 
the angle CAB (or a). Hence, in general. 


cos. <Z: 


rad. 

2 B.C 


i 


This expression may be transformed into another more 
conveni^p^ for logarithmic calculation, by the following 
process : iftp 


By Art. 14, ver. sin. rad.— cos. a. 


. rad. 

Varc ’ 


= ^ rud. 
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_i rad. {2 B.C-B'-C' + A'‘) 
B. a 

By Art. 34, sin.*^ a =i rad. xvcr. mii. a, 

_irad.^2 B.C-n^- C^+A*) 
li.C ’ 

(A*-{B~Cy) 

B.C * 


_ i rixA^(A + B~ (: xA-B-h C?) • 
B.C 


. . A+ B-Cx A-B+C 

Hence s>in. a a = HI", 

^B.C 


and log. sin. 40 = log. ^ rad. + ^ log. {A+ B — C) + x log. 
(^-B+C)-i log. iJ-41og. C. 


XVIII. 

On the application of the foregoing Theorems to 
fading the relation between the sides and angles 
of right-angled triangles. 

83. Given the hypotheiinse BC, and 
side AC ; to find side AB, and z.* 

B, C. 

ByEucl.47.1. BC^=AB^+AC* ; 

.’. AB^=:BC'~AC% 

and AB = ,JW^AC\ 

B^ Art. 77, BC : AC :: rad. : sin. 

Lastly, Z- C=90”— 

II 
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Example. 


Let5t;=:5G,> TIicny^i?^^50\-a{i'= V »«40=42.S9. 

AC=3t).) 8111.41//=:- = r- ; 

JjC ob 


log. sill. < Z> = lri^. lad.H-log, 3G— log. 56. 


Now log. rad. =: lO.OOOOOOO 


log. 36= I ) >6.^02 f 
^ 1 L.“> \) 

log. .56= 1.71 

log. h\n.JLJ3=:*) : 4()“ r. 


And X.C=;)0'‘- z.iJ=y0"~40'r=49\5i> 


vSj. Given side v 4 i ?, 7 to find thc^Jjjpothcnii'-e iJCj and 
and side ytC,y jL'Bj C. ' 

By Euclid, 47. 1. nc^^7in^^Sc\ 

ByArt.TD, ^13 . JC :: rad. : tan. 

And ^.^=90*- ^ li. 


E.xampi.f. 


Let -<f 7? = 36 
,'l0leziO 


’"^Thep nC- ^oo-+ 10'=53.S1, 


^ „ lad. x4f) 

tail. zli/= — ~ — , 
ob 


log. tan. z. J5 = Iog. rad. + log. 40 — log. 36. 


N( 
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Now log. rad. = 10.0000000 

log. 10= 1.^020600 

1 l.OO^OOOO 

log. 36= l.:.:*63025 

- — 

log. tan. z. j5 = 10.0457575 ; z 13=43" 1'. 
And ZC^5)0“- z5=41":«9 . 


85. Given .'he hypotlic- 
nusc ]] , and 13 ; to 
find / C, and iidcb AC, 
AB. 

Now z C = 90'' — z. U. 


By Art. 77, BC : AC •• rad. 
And by Eucl. 47. 1. AB 


C 



sin. z5; .'.AC =--^ •- 
I ad. 

-»J'mF-AC\ 


Example. 

^0=90"- zil=90"=49“=4 1,.. 

Zfi=49 . 3 

100 X Ml). 49“ 

,«d.“ ! 


.*. log. AC=\og. 1 00+log. sin. dO"- log. rad . 

Now 



52 


StDBS ANU ANG1.F.5 


Now log. 100= 2.0000000 
log. sin. 49”= 9.8777790 

11.8777799 
log. rad. = 10.0()00{M)0 

lo^.AC= 1.8777799; .■.AC=loA7. 


^S= V “>9'-75.47'=65.607. * 


8C. (liven side to find the Z.C, side AC, and 

and /.BA hypothcnusc BC. 

Now /. 0=90*— /.B. 


I 

ByArt.7t),y/R : ylC:: sin. C : sin. jB; AC'=- 


y^Bxsin.B 
suu C' 


And BC:=^1V^AC\ 
Example. 

Lcty/J3=70, \Thcn y. C=90»-50»=40*, 
.diJ=50“.J 


AC^ 


70 X sin. 50® 


sin. 4(> ~ ' 
log. log. 70+ log. sin.. 7O"— log. sin. 40'. 

Now 


^ The value oi A B might also be found by Logarithms in 
lollowing manner: 

,JW%'aC X W-Ac i 

Iog.i4B=ilog.ii6’+WC'+ilog.iiC'— WC'=ilog.l75 47 + llog.24 
Now i log. 1/5.4/ = 1.1221014 
I log. 24.53= 69484S7 

.*. log. AB =1.8169501, or .4/7=65.60/-. 
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Now log. 70= 1.84:>09SO 
log. sin. 50"= !).SS42540 

11.7293520 
log. sin. 40*= 9.80^067•^ 

log. AC= 1.9212845; .-. y/C=&3.42. 
And BC=sy'W+^'’i^"= 108.90. 

XIX. 

Oh the application of the foregoing; Theorems to 
determining the sides and angles of oblique- 
angled triangles. 

87. (iiuMi the two an^ 

TJ, .7, and llie side 
BC ol)lJ()sile to one of 
them; to find tlic z. C, 
and the other sides ^/j, 

AC. 

Now^ C= \S{}^-{z.A+jLB). 

By Art. 80, BC : AC :: bin. -. sin. /.B’, AC= 

•' sill. Z.A 

And BC lAB:: sin. A : sin. ^ C; .*. AB= 

Sin. ^A 



Ex IM. 
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SIDES AND ANGLES 


Example. 

Lct7iC'=fi2, ^ 

/^S^33%yrben^C=:lS0^^(Zj+ / B)= ISO'-ioOn+lj;)*) 
Zy/=s60".j [=85‘*. 

//C=— - 3 log«^C=Iog.G2 + Iog. sin. 35** 

bill. oO 

-lo^. sin. (iO'’==l.Gl3452i, and AC=4L06. 

... (i‘2 X '“in.85“ , I ^ ' orn 

yf/jzz. log.^ij=:log.()2 + log.bin. S.')" 

sin. uU' 

— log. sin. (30'’=! 8532053, and = 


88. Given the two sides 
BCf AC, and ^ B oppo- 
site to ylC ; to find the 
angles^/, C, and the other 
side AB. 



15vArt.80, .sin. ^^:8in. /lBi z. ^ ~ ^ 

And ACxAB :: sin. ^C:sin. 4 C; 

bin. z,B 


Exam 



OF PLANE TEIANGLE!!. 




Example. 


LctBC=50,'| 
JC=40, > 


T., . , '0 X Mil. 32 , , 

Then sni. z A = , aiul log. sin. 

4w ° 

= Iog.50+Iog.8in.32*- log. ll)=9.821 1197 


j:A 


f 


^’./=-ir28'. 


AB== 


^ C= 180“- 4 1* 2b +;J2*S= IOC* 32'. 

40 X Mil. 1 ()C*32' ^forsln.ofan^ ^siD. of sujtplemftU, 

\ .‘.tin. I06^32'=:sui.7,r ^8 . 

•. log. y/B=log. 40 + log, sin. 2S' 


sin. il2‘ 

40xsin.73"2S\ 
sin. 32® % ^ 


) 


-log. sin. 32®= 1 .8595123 ; hence ^B= 72.36. * 

83. Given 


♦ In finding the sine of the jL A in thU case, an amln^uilif 
arises 5 for as the sine of the supplcrnent of iniy .insole is tin* 
bume with the sme of Ihe angle, the angle thus loii’id nuiy he 
either yj or ISO®— ^4. But thcic will be no ambiguity, e.\cept 
in the case W'hen / E ii acute, and BC greater than the side 
opposite to the^ B, For if the / B be ohtuse^ then it is ex uli'nt 
/. si must be acute. If Z B beac///<s and UC less than the suie 
ohfio^ite to the ^ B, then Ch^CB, and I’l.in /iiv' t ’.Ir r 


C 



line CX cutting Bl produced in A', then no line equal ro CX 
(an be diawn between Band f, and UCX will he the only 
triangle whicli can answei (lie loiichtionn reqn.iC'! , b-.t if liC 
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C 


89. Giventhe //A'o v/rf 9 
BCyCAj aiui the included 
angle C; to find 
and hide AB. 



= 180"— £.C; LA-\-lBj and con- 
ijiienlly i is known. 

By Arr.81,/JC+G.^ : BC-CA :: tanA (^A /^B) : 
tan.i {jLA— ^B) 3 


Hence tan.i ( ^A — /.B) 


1{^A — ^B) la known. 


— ( X tan. \ ( ^ A-h ^ B), 


BC^CA 


ByATt.H0,BC:BJ :: sin. ^.Atshu /.C; 

^ ^ Sin. LA 

Exam. 


be greater than the side opposite to tht ^ B, then a ciiciilar arc 
y1 a may be desciibed, cutting Bl\n a , so tliat tlieie w’lll 
be two ir»ani;les. BCA, BCa, in which two s'lde^^ and an / 
opposite to one of them, shall be given quantities. 

Forinbtance,letiy6'=50, | Then the triangles 6(7^/ will be the 
CA or C(i=40, i triangle determined by assuming 
/ j the ZA=4r2S'‘, but9 8211197 

(see Example) is also llie log sin of \i% supplement 139” 32'. 
Hence, 

Z^Ba C (which is the supplement of CaA or CAa) = 138”32'; 
and Z. BCa^ 180" — Tdb" J2' + 32"=9” 28' ; in which case 

£a=:log.404-log.sin.9"2S' — 

log. SID. 32“= 1.0939470, or Ba=12.415; .’.the triangles 
BCA, BCuy will each of them answer the conditions required. 



OF ri.ANB TRIANG1.BS. 


Example I. 

LptJffC=60, '|ThenBC+Cv4=nO, and BC- 10. 

^C=.j0, |Aml.4 + B=lS0"- 21 C= 180-80”= 100»; 

.i. C:=S0'’. J 2iB) = 50“. 


Hence tan. — Z.B) = 


t(BC- CJ) X tan. 1 ( 21 .-f + z. B). 

V BC'+ CA ' ) 


lOxta n.j^"^ log. tun. i( ^-4- Z.B) =log. 10+ log.tan. 

.“iO'-log. 110 = n.0347!).38, ot\{^A— ^B)=(3" H' 


Cut z.x/=l(. 4 +B) +4(^— B) = .')0"+G'’ 1 1 — 5(J 11'; 
and z.B=l(2/+B)-i(^-B)=50“-()'’ ir = 43'’49'. 


Lastly, BA = 


BC XMfi. /.C 
hin. jlA 


GO X sin. 80" . 
&in.5(i"ir ’ 


log. B24 = log. GO + log.shi. 80" -log. sin. 56" 1 1 


= 1.85 1994.5, or BA=i7\.\2. 


1 
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SIDES AND ANGLES 


yO. Given the three sides, ^2?, jBC, Cut, to find the 
three angles opposite to them. 



For the purpose of applying the expressions in Art. 82, 
call the three sides BC, C^, ylB, B, C, and the three 
angles opposite to them, i, c, respectively. Then to 
determine the angle (o), we have 
rad 


or. 


og. sin. j a = log. i rad. + i log. (^ + B - C) + log. 
{A—Bi C) — 4 log. B— 1 log. C, where the former or 
latter of these expressions must be used according as the 
numbeis representing the sides are small oi large numbers. 


Example 1. 


LetBC=34,^ 

CA='1S, Vhencos - r ad^^(dO*+ 25 -- 34 

AB=4oJ 2x40x25 

rad. X 1069 


' 2000 ’ 

.•. log. cos. a 3= log. rad. + log. 1069— log.2000 
= 9.7279477, 

and 0=57* 42'. 


Bv 
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D A » Qrt • 1 25 xsin. 57 42 

By Art. 80, sm. o = , 

^ ’ 34 ’ 

log. sin. i=log. 25 + log. sin. 57* 42'— log. 34 

=9.7934524, 

and 6=38° 25'. 

Lest c= 1 80°- (a + 6) = 1 80“ - (57 “42' + 38“ 25') = 83“ 53'. 


Example II. 

For the piyposc of applying the expression 
log. sin. J a = 1 log. rad,+ J log.(vf+ jB— C)+ j log.(y4— 73 + C) 
— llog.ZJ— 1 log.C. 


Let^=379.2.)'j Then log. j rad.= log. sin. 30‘’=}).fi989700 
■ 73=234.1.". Llog.(y/4-i3-C)=jlog.l98.0l = I. 148.3435 
C= 4I5.39J ilog.(.4-J5+C) = jlog.5G0.49=1..374‘28.‘59 

12.221.5974 {X). 

i log. 13=1 log. 2.34.15= 1.1847471 
i log. C=ilog. 415.39 = 1.309 2280 

2.4 939751 {Y). 

.Subtract (Y”) from (Jf), then 9.727(i223=:log.sin.J 

licnee ia=32“ 17'> and o=64“34'. 

The angles h and c must be found as before. 


XX. On 
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INblllUMENlS rj&JiD IN MEASURING 


XX. 

On the Instruments used in rneasuiing Heights and 
Distances. 

For the mensuration of heights and distances^ two in- 
struments {one for ineasiniii^ angles in a vnf Italy and 
another for mcasuiing them in a lio/ri.u?i/al direction) are 
requiied, of which the following is a description. 


91. CDE is a pia^ 
duafed quadrant of a 
circle^ C its center, yt 
any object, CAj a line 
parallel to the hoii/.oii, 
and Cirn plumb-line 
hanging fieelv lioin C, 
and consLMjiKntly per- 
pendieiilai to CB, If 
the quadiaiit is moved 
round C, till t!ic ob- 
jectA is visible through 
the two sights a, h, tlien the jCF wall measure the 
angular di'^tance of the object above the hoi izon. For the 
angles BCJV and ACE being right angles, take away 
the eoniiiion angle BCEy and the leniaining angle ECF \s 
e<iual to the remaining angle ACB ; FF therefore ^heing 
the measure of the ^ECF) gives the number of degrees, 
minutes, &c. of the angle ACB. Some such instrument 
as this must be used for measuring angles in a vertical 
direction. 



W 


92. DCF 
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01 


92. DCF is a Theodolite, ox %om^ graduated circular 
instrument^ with two 


indices moveable i oiirid 
the center C; ./^and B 
are two object** upon 
the hoiizon ; when this 
instrument isso adjust- 
ed^ that jt is visible 
through the sights b, 
and B through the 
sights c, d, ^thcMi the 
arc Fj D will measure 
the angulai distance 
{ACB) between these 



two objects. 


XXI. On 
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XXL 

On the Mensuration of Heights and Distances. 

93. If the object {AFj) is accessihlcj as in let tlie 

observer recede from it along CD, till the A C H 

becomes equal to 45®; then, since the angle B^IC will in 
this case he fl/so 45% will be equal to 7:JC or iJD; 
measure ED^ and to it add BE, the height from which the 
obscivation was made, and it will give AD+ DE{AE) 
the height of the object., 


But if it be not convenient ta reeede along the line ED 
till the /lACB becomes 45% let him measure some given 
distance EDy and take w’ith the quadrant the angle ACB; 
then in the right-angled triangle ACB there is gi\en the 
side BCy and the a?igle ACB, from which the side A fi 
may be found, by Art. 84. 


Example. 


Let J3CorCD=60yards’i Then DC: :: rad. : tan. ^l^CD, 

/iABC^4r. f or SO iAB :: R : tan. 47®; 


AB= 


50 X tan. 47® 


rad. 


and log. AB = \og. 50 + log. tan. 47®— log. rad. = 1,7293141. 


Hence = 53.61 yards; to which if CD or BE be 
added, it will give AE, the height of the object. 

94. If the object is inaccessible, as GF in Fig. 2. ; at 
some given point 77, observe the angle GL7; measure 

along 
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alonf^ some ^^iven distance IIKj and then observe the angle 
GM 1 In tlii^s can', since the extoior angle GLIi'^ 
^equal Ui G \J G tlie angle MGL {^GLI— 

GM Jj) will be known. In the tiiaiigle GML, therefoie^ 
we have the stdf‘ ML and two angles \ from which GL 
may be determined b) Art. 87. Having GL and the angle 
GLIf the side G/is determined as in Art. 85. 


Example. 

Let 

HK or LM = 100 yards/ 

/.GL] = 47\ y ZilfGL=(GL/-GA//)47“-36‘'=Jlo. 


1 


Now Ll\] ; GL :: tin. /.MGL : sin. /.GML, 
oi iOO ; GL :: sin. 1 1“ : sin. 36“} GL= 


lOOxsin.36' 

lunlr 


Hence log. GL=log. lOO+lo^sin. 36“— log. sin. 11' 
= 2.4886199; 

.*. GL=308.04 yards. 


Aga n, GL : GI :: rad. : sm./.GLI, 
or GL : GT :: rad. : sin. 47°; .". G/= 


GLx5in.47' 

rad. 


Hence log. G/=Iog.CL+log >in.47'-log.rad. =2.3527474; 
.•. G/=22./ .2 > jards. 

To GI add the height from which the angles were taken, 
and it will gi^e GF the hc'shf of (he oljec/. 

Bv 
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95. By the following process, a general expicsMun may 
be investigated for G/, which uill apply to ull cases ot 
this kind. 


01 : GL : ‘^iii. L : rad. ® 
GL :ML :: sin. M: sm. MGL 


GI :ML:: sin. Lx sin. iW : rad. xsiri(L— M), 

. X sin /.x^n M MLx^h. L>:si'\ M rnd ’ 

a:>u : — ' ■■ ■ ' X . 

laa. {L—AJ) lad.-* bin. (L~iii) 

ML X sin L X sin 7l/x cos ( l.—M) ^ rnd.“ 

— ,Ior . 

laii.'* — ^li) 

Hence log.G/= log + ‘»>n L+log, sin.M-flog cosci . ( L — A/ — 




jK>g r.id. 


Thus, in the foregoing Exaniple, 

log. MLr: log. 100 = 2 OOOOOOO 
log.sin.L = log. sijj. 47®= 9.8041275 
log. sin. A/= log. sin. 3()"— 9.70.921S7 
log cosec.(L — ) = log. coscc. 1 1®= 1 0. 7 1 94 0 1 2 

32.3.V27I74 

. ^ 3 log. rad. =:j(). 0000000 

log. G/ = 2 .35274/ 4,andG/=Si25 7.0' rrns, 

LciaiA-'iuie, 

96 To find the distance of the object T, (Fipuir 4.) 

Iiom the gi\ea point S, place at the given point ll some 
.small object distinctly vibible from S, and tiien ohnrsc the 
angle 7'Sfl ; measure the distance ST?, and from R ebser'e 
the angle 77? <S. In the triangle T’iSi?, we shall flr‘ii ha'c 
given LyR and ihe ^^TSR, TRS; the :,K!e S'L i.^^y 
iben .’o'f^be deterinm(d bv Ail. ^7. 

][ Yy} 


M 1 I » 
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()t> 


Example. 

Let 5i?=150>aids,J 

/_ TSR=9l% Khen ilSr/?=180M9l”+64*) = 25. 

^TRs^ar-, } • 


Now ST SR -, sin. ^ TRS : sin. 
or ST:150:: bin. 64° : b5n,,25®; Sr= 


150x ^\n.G4, 
“bin. 25“ 


}Ience Log. Sr^rlog. 150-flog. bin. 04° — log. sin. 25“=: 
2.5948032, and ST=z3i)3.37 yards. 


97. To liiicl the dibtance between two objects, JT, Y, 
inaccassiblc to cadi other, but acce^sille by the Observer lu 
the directions (Figure 6.); at the given point 

observe the angle A" and tlicn nicasuie the line 
II A is distinctly visible from Y, then the angle XYf^ may 
be measured, and the crise becomes tlie same as the lusty for 
detei mining the distance AT K. But il be not visible 

fiom Yy then both and YY must be measured; and 
Jiaving the angle XVYy XY may be found as in Art. 89. 


Exampi.k. 

..r=r.7-2V; 


N ow 
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Now 

rr+FXi rF-rX::taii.|.(Jr+r) :taiK i.(.Y-r), 

or 6l() : 12 


:: tan. GT 19' ; {X- Y) = ; 


UlO 


log. taii.^ (Y— F) = log. 12 + log. tan. G I® 19' — log. GIG 
= 8.r)5152f)0. 

Hence F)=:2® 2'; conhcquenth A"=:Gil®2r, 

and F=59® 17'. 


Again, 

XYiYFi: fiin.F ; sin. JT, 
or XY::U4 :: sin. 57® 22' : sin. 63® 21'; 


Yy^ 3l4xsinr>7 ®22^ ; 
mii.GTLM'’ 


log. AF=:=Iog 314 + log. sin. 57*22'— log. sin. G3®2r 
=r 2. ^708909; 
and AF=295.72 yurds. 


98. To find the distance PQ between two objects, P and 
(), which are both inaccessible to the Observer (Fig. 3.); 
measare a gi?wn distance ON; fronrO observe the angles 
POQ. QON and from N observe the angles ONP, 
PNQ ; then in the triangle PON will be given the side 
ON and the fiuo angles PON^ PNO, from which PO may 
be detcrmine(f , and ni the triangle QON will be given the 
srde OJY, and the tivo angles QON, ONQ, from whidi 
0 Q may be found. Having PO, OQ, and the angle POQ, 
PQ may be determined as in the last case. 


Example. 
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Example. 


..et OJVr= 100 yards, -| Hence /LP0N=r>7" +48”= 105. 
^POQ^Sr, /QiV0^42“ +49“= 91”. 

.d Q0N=4&‘, ^ OPiV=180“-(105”+42”) = 3 

z.OiVP=42“, . /.OOiV=180“- (9r+43'')=4 

^PNQ=49'‘. 


Now, 

QO :.ON:: bin. ^QNO : sin. ^OQN, 
or QO ; 100 siii.Ol^oi 80" : sin. 41®; 

oin. 4 I . 

Ilenct, QO—Uar 1004 - sin. 89"— loj;. biu. 4P=S.1839D09, 
aii J .QO= 1 52.4 y anls. 


Jgain, 

PO OAT:: bin. Z.Pi\rO ; sin. ^OPNy 


OT PO : 100:: sin. 42" ; ski.33"; .-. PO^ 

5111 . 3 :^ 


tlence, log Pff~\oz H)0 + log. <>iu. 42° — log. siii. 33"=2.08.')402l, 
aud PO “ 1 22 8 yards. 


Hence, in tlie triangle POQ, there are giv^n 
PO= 122 . 8 , 'I 
OQ=152.4, > to find PQ. 
zPOQ= 57”, J 


z OPQ+ ^ 0QP= 180°- POj3=180°-57'= 12.3”: 
{OPQ+OQP)-ei<’9iy. 


Now 
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Now ^O+OP QO~OP tan.4(0PQ+0QP) : tan.4(0PQ-0QP). 
OT 275 . 2 -. 29.6 :: tan. 61,30' : tan.|(0PQ-09P). 

Hence tan.J- (OPQ- OQP) 

••. log.tan.^(0PQ— 0QP)= log. 29.6 + log. tan. 61*30'— log. 275 5 

=9.2968789, 

and i(0PQ-0!3P) = 11*12'. 

Hence .i. OPQ= 72*42', and z.OeP=50*18. 


Lastly, 

QO:PQ:: sin. OP Q : sin. POQ, 
or QO : PQ sin.72“42'; sin. 57"; 

• PO - OOx»in-57° 

■ ■ ^ bin. 72"42' ■ 

Hence log. P^slog. (JO+log. sm. sr-log- wn- 7'i* 42'= ‘2.1266877 
and PQ= 133 87 vnrdk 


XXII. On 
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XXIL 

On the manner of constructing a Map of a given 
surfaccy and finding its area; with the method of 
approximating to the area of any given irregular 
or curve-sided figure, 

99. To constmct a map , — Measure some given distance 
AB ; and having selected two objects C, D, distinctly 
visible trom Ay B, observe the angles CBDy CADy as 
in Art. 98, and find the length of CD, BC, ylD, in tlie 
triangles ylBC, y/BD, by the process made use of in 
that article. In this manner, the distance and position of 
the four points Ay By C, D, are determined. In the same 
manner, by selecting two othc objects B, B, distinctly 
visible Iiom D, tlie distance and position of four other 
points C, Dy Ey l\ may be found. We might thus 
proceed, by the mensu- 
ration of angles only^ 
to deteiinine the di- 
stance and position of 
any number of points 
in a given surface, and 
to delineate upon paper 
(by means of a scale) ^ 
their relative position 
and distance as repre- 
sented in the figure 
ABCEFD. 

B 



100. By 
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100 . By a very easy process we might also determine 
the length of the part.tf cut olf, from a line given in 
position and passing through any point Py by peipendicu- 
l.irs Pcy Ddy A Qy Ict fall upon it from the points DyA* 
For the lengths of the lines ADyDP, F Py being f(»und 
as ill Art. and the magnitude of the angles 
{DG being drawn parallel to da) y DFdy PFc being 
known from the give7i position of the line EPda, we 
have 

AG : DGorda rad. : cos. ADC, = 

I. id. 

DF : Fd rad. . cos.DFd, ^ 

1 ad. 

FF : EF :: rad. r co SFe, EF= ^ x co-». EF e 

from which the length of ad-{'dF-\-Fe (or adFe) is 
known. If the line passing through F be drawn due 
north and south, then the length at/ /'V thus detei luinedi, 
Is the length of that poition of the meridian which lies 
between the paialleh of latitude passing rliioiigh the 
points Ay E; and it is upon this princi)>le that the pro- 
cess for measuring tlie arc of a meiidian passing through 
a gi\en tract of country is conducted. 


401. The aica of tlie figure ADCEFD is evideniK 
the sum of the areas of all the triangles of which it is 
composed; wc must theiefore '‘hew the ino<le of findiTjg 
the area of a triangle. 
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Let ABC ha any triangle, and let fall the perpendicular 
CD upon the base AB\ then, since (Eucl. B. I, Prop. 41,; 



the area of a tiianglo ef]ual to half the aiea (d a paral 
lelogram of the same base and altitude, the aica of tlie 
triangle ABC is equal to j^ABxCD. Now BC. 


^ 1 ^ 1 , ID TD BCxsm.X^B , 

CD :: rad. sin. LB^ CD = ; , and area 

ra<l. 

/. 1 1 ix> r>r\\ ^ ^Cx sin ^ 

of triangle ^ BC ( =:= J AB xCD)z=: = 


^B X BC y sm — B area A B C= log. AB 

2 I ad. 

log. /iC+log. sin. /-Zf— (log. 2 + log. lad.) ; for instant r, 
in the triangle A B C id' the figure A B CD FD^ d A B~-^ 
100 yaids, BC= 90 }aids, and z.Z? = 80% then 
log. = log. 100 = 2.0000000 

log. C=log. 90 = 1.9542425 

g sjn.^/Z=Iog,sin.S0''— 9.9933515 

13.9475940 
* log. 2 4- log. rad. = 10,3010300 


log area ABC = 3.04f)5() -lO, and area.'fBC^r: 

[443 l.G square yards. 

* And 


* Since log 2 4- log lad. is* *• in all cases a gi\cn quant ity^ 
* hig aiea=log bise4"log- side + log. sin of Z. adjacent to 

*• lihit side— 10.3010.100 is a general erpres^ioji for finding 
ihr .irea of any liiaiif;le 
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And in this manner theaieasof the other tiiangles may 

be determined; foi area of 

' lad. 

of D \ and ^ 

2 rad. 

DE xEFxs\n. DEF 
2 rad. 


102. By >vliat has been shewn in the last Article, it 
appears that tlic area of any plane-sided Figiiic inav be 
found by r«olv;iig it into its constituent tiiangles, and 
then finding the areas of those tiiangles separately. We are 
now to explain the method of approximating to tlie aica 
of an irregular or curved-sided figure (a field for instance}, 
•uch as IS represented ni the annexed plate. 



After having selected certain points C, D, in 

the perimeter of the Figure, and having made a Map of it 
and ineasuied the rectilinear figure ABODE by tlie 
method prescribed in Articles 9t), 101, a near approxima- 
tion may be made to the areas of the several curviliiieai 

L parts 
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part'5 by means of the following process. Take, for 
instance, the part cut off by the chord AB. Divide AB 
into such a number equal parts, Ao, op^ pq^ qr^ ; B, 
that when the perpendiculars os, pi, qv, rx, are diawii 
from it to the perimeter, the paits As, si, iv,vx, xB may 
be considered as right lines, without any great deviation 
from the truth ; draw sy parallel to op] and let As, op, &c. 
each =:w; then 

The triangle Aos=z^m>:os; the figure sopi—fopy-{- 
Asyt=: 7 u X py + ^ 'nt xy ^ = + 5T/O ; nowos4-/)/ = 

2p//+2//, 

sopi=zm X -y (os+pl) m X 05 -f i m x pi. For the same 
reason, tpqv=z^ vi xpt-^l mxqv] &cc. &c. Hence, 

aAos =imxos 
sopt ^\mxos-\‘\mxpt 
ipqv^ \mxpt->r\'fn>xqv 

vqrx’=- hmxqV'\-\m XI 1 

ArxB = i?7ixfx 

.\areaAixBrpA:=mxos+7nxpt -h mxqv ^ mxrx 
^{os+pt’\-qv + rx)m\ i.e. the area of this curvilinear 
part is nearly appioximated to by multiplying the sum o^ 
the perpendiculars JO, pt, qv, rx, by the length of one of 
the aliquot parts into which AB is divided. lu the same 
manner we might proceed to measure the curvilinear 
parts cut off by the chords BC, CD,DE, EA, and thus 
approximate very nearly to the area of the whole Figure. 
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QUKSTIONS FOR PRACTICE. 




XXIII. 

A few questions for practice in the rules laid down 
in this Chapter. 

103. There is a certain perpendicular rock, from which 
you can recede only 16 feet, on account of the sea; the 
angular distance of its highest point, taken at the watei's 
edge by a person 5 feet high, is 80®. Quaere, the height 
of the rock 

Answer, 95.74 feet. 

104. A person 6 feet high, standing by the side of a 
river, observed that the top of a tower placed on the 
opposite side, subtended an angle of 59® with aline drawn 
from his eye parallel to the horizon; receding backwards 
for 50 feet, he then found that it subtended an angle of 
only 49°. Qu^re, the height of the tower, and the 
breadth of the river ? 

Answer, Height of toiver^ 192.27 feet. 

Breadth of river ^ 111 .92 . . . 

105. A person walking along a straight terrace AB^ 
400 feet long, observed, at the end Ay the angular distance 
of an horizontal object C, to be 75° from the terrace; at 
the end B, the object, viewed in (he same manner, formed 
an angle of 60® only with the terrace. What was the 
distance of the object C from each end of the terrace ? 

Answ. ^C=489,89 feet. 

J5C=546.41 


106. Two 



76 


QUESTIONS FOR PRACTl|;£. 


106. Two objects,4s4 and B, arc visible and accessible 
from the station C, but are invisible an^ inaccessible from 
each othci ; the distance is i€00 yards, BC 1500 
jards, and the lACB is 45®. What is the distance of 
A from B ? 

Answ. ABzz 1 292^ yards. 

107 . Three objects, Ay By C, Jire so situated, that AB 
= 16 yards, BCz= 1 4 yards, and AC=^ 10 yards. What is 
the position of these objects, with respect to each other ? 

Answ. 

-^B=38“ 12'. 

» -^.C=8r48'. 

108. To find the distance between the two objects A and 
on supposition that 

Cj[)=300 yards. 

/■BCD = 37 ° 

/.ADB=55^ 

/.ADC=4l’‘ 

C D 

Answer, AB=34 1 .25 yards. 



109. There 
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100. There are objects 

Ay By so sitUi-itecij that they are 
accessible no nearer than C, and 
that in the dii action DCy almost 
perpendicular to the line which 
joins them. 



The ^^CJ3=4r)«, 
ACD=\50% 
J3C£)=164% 
^jDC=20% 
CDjB=10% 

Ci;= 100 yaids. 

Answ. 


I> 

required the distance AB* 


AB=^\44.67 yaids. 



By the same Author: 

■PRINTED FOR T. CADELL AND W. DAVIES, STRAND. 


1. A TREATISE on the Construction^ Properties, and 
Ajialogics of the THREE CONIC SECTIONS. Second 
Edition 8vo. price 5s. in boards. 

2. AN ELEMENTARY TREATISE on AlGEBRA. 
Fourth Edition, 8vo. price 7^. in boards. 

3. A TREATISE on MECHANICS . mtended as an 
Introduction to the Study of Natural Philosophy. One 
large Volume, 8vo. price 1/. Is. in boards. 


R WAT^S, Prmtet, Crown Court. Temple Bar 











